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The study of the coupling between physical limitation by light and growth kinetics in 

photobioreactors leads to very complex partial differential equations. Modeling of light transfer 

in photobioreactors require an equation including two parameters for light absorption and 

scattering in the culture medium. A simple model based on the simplified, monodimensionnal 

equations of Schuster for radiative transfer has been published for rectangular geometries (A 

structured model for simulation of cultures of the cyanobacterium Spirulina platensis in 

photobioreactors. Part I and II, see appendix). This approach provides a simple way to 

determine a working illuminated volume in which growth occurs, therefore allowing 

identification of coefficients in kinetic models of cultures. These parameters might then be 

extended to the analysis of more complex geometries such as cylindrical reactors. Moreover, 

this model allows the behavior of batch or continuous cultures of cyanobacteria under light and 

mineral limitations to be predicted. 

In this technical note, the physical part of the light transfer model already published is 

adapted to cylindrical geometries. Such a model, including the biological part, provides low 

calculation time and appears as a good numerical tool to perform the control of the Spirulina 

compartment of MELiSSA. 
. . . . . . 

for the -on of this note IS maded m t& 

The nomenclature used is the nomenclature used in the two papers in appendix. 

l- New definition of the working illuminated volume in rectangular geometries. 

The extension of the model written in rectangular coordinates to more complex 

geometries requires a more general expression for the working illuminated volume to be 

defined. In effect, the working illuminated volume has been defined as the volume of the 
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photoreactor in which growth would be exponential, the other part of the reactor being 

inactive (paper I in appendix). This working illuminated volume has been experimentally 

calculated in parallelepipedic photoreactors (Roux flasks) by measuring the maximum biomass 

concentrations C, obtained by exponential growth in various incident light and reactor size 

conditions. This maximum biomass concentration has been determined by extrapolating the 

curves rx/uM versus C, for exponential and linear growth phases, the intercept of which giving 

C,, (fig. 6, paper I). 

The different determinations of C,, performed on S. platensis cultivated in Roux flasks 

have indicated that the maximum biomass concentration Cx, that could be obtained in 

exponential growth, always corresponds to a constant limit value of the radiant energy flux 

leaving the reactor i.e: 

F,,,, = l.O+O.l W.m-* 

Conversely, this value can be used for automatic calculations; to determine, via the light 

transfer model developed in rectangular coordinates, the maximum biomass concentration 

obtainable by exponential growth in given incident light conditions. The value of C,, has been 

then used to calculate the ratio of working illuminated length over total length L, = (C,,/C,)L. 

At present time, its seems more judicious for extrapolating to other geometries, to 

directly use the radiant energy profile expression for the determination of the limit thickness 

above which the radiant flux is less than the limit value of 1 W/m2 instead of solving the 

expression given by the transmittance ratio, which cannot be extended to others geometries. 

The new definition for the working illuminated volume, in rectangular coordinates, comes from 

the resolution of 

2 (1 + a)e-s(z~-l) - (1 - a)es(zz-‘) F,, = o -- 
(l+a)*e’ -(1-a)2e-8 F,, 

where Z2 = L,/L is the root leading to the working length L2, 

6 = [z,Ea + (l+zg)Es] C,aL (equation 2, paper II), 

and Fmin = 1 W/m2. 

After comparison with the experimental results obtained in Roux flasks, this new 

definition has led to a new value of the parameter plM which is obtained by identification and 

equal to 0.54 h-l (instead of 0.52 h-l). 

2- Monodimensional equations of radiative transfer for cylindrical photobioreactors. 

In order to obtain the profiles of radiant energy available into the cylindrical 

photobioreactor, the probem of radiative transfer has been simplified to a one-dimension 

problem, from the assumptions of Schuster (paper I in appendix). Assuming that the incident 
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light energy is radially distributed at the external wall, and neglecting the angular distribution of 

the incident intensity, the field of radiation is split into two opposite fluxes F,+ and F,- along 

the r-axis (figure 1). 

r 

Figure 1: Global radiant energy balances on an elemental volume of thickness dr. 

Using the same method as in paper I, the balance of radiant energy flux in cylindrical 

coordinates leads to establish two energy balances on the elemental volume of thickness dr 

considered separately for the direct and the reverse fluxes F,+ and Fz-; the following system is 

thus derived: 

I 
1 d(rF,?) - 
r dr 

= -EaC,F,‘+iEsC,(F; -FT) 

1. d(rF;) 
r dr 

= EaC,F,Y +iEsC,(F; -F:) 

It must be noticed that the left hand side of the two above equations is the divergence of the 

radiant energy flux F with e = fi 
ae a+ 

= 0. Therefore, this system of equations has the same 

form as in the previous paper, but expressing the divergence in cylindrical coordinates. 

The system of differential equations can be solved from the appropriate boundary 

conditions: 
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r = 0, F,’ = F,- 

r=R, F,Y=F, 

The first equation expresses the fact that the flux is a continuous function on the axis of the 

cylinder and the second one indicates that the flux inside the reactor at the external wall is 

determined by the external illuminating device. 

With S=Cx,/Ea(Ea+Es),and a= 
Ea 

Ea+Es 

fluxes are given by: 

the solutions for the direct and the reverse 

F,- _ R cosh&+asinh& 

F‘Q - 7 cosh6R + asinh 6R 

F:= R cash & - asinh & 

FR 7 cash 6R + asinh &R 

From the definition of the radiant light energy available, we have 4xJr = Fr++F,-p and 

so: 

4ffJ,=R 2 cosh& 

FR r cosh6R+asinh6R 

Remembering that: 

I d(S ) -V,F=ct64~J, =A=----r 
r dr ’ 

we obtain finally the normalized flux profile: 

.L=_2aR F sinh 6r 

FR r cosh6R+asinh6R 

It must be noticed that the conservative case in which a = 0 and V.F = 0 implies the 

produce rF, to be a constant along the r-axis. 

From the new dimensionless variables defined in paper I, 2 = r/R, and 6 = (Ea+Es) a 

C, R, the following expressions for the radiant energy available and the radiant energy flux, are 

obtained: 

4xJ, _ 1 2 cash 62 

FR -~cosh6+asinh6 
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L = _za-L F sinh 6Z 

FR Z cosh6+asinh6 

The normalized profiles 4nJi/F, and Fr/F, along the Z axis are given in figures 2 and 3 

for different values of 6 as parameter. 

In order to obtain the working 

necessary to solve the algebraic equation: 

illuminated volume in cylindrical coordinates, it is 

1 2cosh6Z, Fmi, _ 0 

~cosh6+asinh8-~- 

with Fti = 1 W/m2 as previously stated and Z 2 = R2/R, R2 being the working illuminated 

radius. 

Special attention should be paid to the fact this equation could present either two roots 

between [O-R] for high values of 6, or no solution for low values of 6. This last case means 

that the working volume is identical to the total volume of the reactor. 

Let R2 and RI2 to be the two roots obtained in the general case (RI2 is the root near the 

center of the reactor), thus the mean growth rate is given by (paper II, in appendix): 

2k4 4x5, &.+ mL 4nJr &. 

K, + 4xJ, K, +47cJ, 

R; (R-R,)* 
and the illuminated fiaction of the reactor is y = F+ 

R* ’ 

The first terms of the right hand sides of these two equations are often negligible because R’2 is 

very low if 6 is high enough. 

It must be noticed that the equation (40) in paper I provides an approximation of y in 

cylindrical coordinates with an accuracy less than 5%. 

From the notations introduced in the second paper, one remember here the values of 

the main parameters: 

a = [z,Ea/(z,Ea + (l+zg)E~]~‘~ 

6 = [z,Ea + (l+zs)Es]C, a R 

Ea = 871 m2/kg of antenna 

ES = 167 m2/kg of total biomass 

K, = 20 W/m2 

p,lM = 0.54 h-l 
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The values of the coefficients Ea and Es are different with regard to paper II because they have 

been determined here by a more accurate method. The new definitions of a and 6 take into 

account te subdivision of the biomass in different compartments in paper II. Moreover, 6 has 

been converted in dimensionless form. 

3- Obtention of the flux FR at the boundary with an integrating sphere photometer. 

It may be difficult to obtain an accurate value of the incident flux F, onto the reactor. 

This can be made by mean of an integrating sphere photometer placed at the center of the 

reactor (r = 0). In this case, if Er, is the total radiant energy absorbed by the sphere and rb the 

radius of the sphere, we have: 

which leads after calculation to: 

E b= R 

FR r,, (cash 6R + a sinh 6R) 
j:cosh( 6r, sin e)de 

Remembering the expression of the first-species modified Bessel f?_mction of 0 order I,, we 

obtain: 

Eb _ R~L@r,) 
g- r,(cosh&R+asinh&R) 

If 6rb < 1, i.e. the biomass concentration is lower than 0.4 kg/m3, the following approximation 

is valid: 

E b= ttR 

i 1 1+ (~d2 FR r,(cosh6R+ccsinh6R) 4 

With the dimensionless variables defined above Zb = r@ and 6 = (Ea+Es) a C, R, the 

equations giving Eb/Fr should be obtained from: 

E 1 b- 1 

% -<(cosh&R+asinhSR) [ 
j,“cosh( 6Z, sin e)de 1 
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These equations allow to determine the exact value of the mean incident flux F, by 

some measurements at low concentrations of biomass in the reactor or no biomass (a = 0). 

4- Equations for the model. 

The table III of the second published paper (paper II in appendix) is then adapted as 

follows for cylindrical reactors: 

41rJ~ calculation: 

-_!_ 4nJr 2 cash 6Z 

FR Z cash & asinh 6 

a =[z,Ea/(z.Ea+(l+z,)Es)]i 

S=[z,Ea+(l+z,)Es]C,cxR 

Working illuminated radius R2 calculation: 

1 2 COSh6Z, 

K cosh&+asinh 6 

F,i” = 0 -- 
FR 

z2+ 

F m,n =lW/m’ 

Average of spebjk growth rates: 

< R >=< u’> yC,, 

wL4 

47cJ, 
dr+ 2WL 

4nJr &. 
K, + 47cJ, K, + 47~5, 
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< j.L’>” 
1 I 

R 

2wL 4xJr & 

W--d2, R2 K, + 4nJ, 

%A R or directly CR >= C,, - 4nJr &. 
R2 5 R,T K, +4nJ, 

Kinetic equations: 

<‘xA >=<R> c, cs 
K, +C, K, +C, 

< rpc >= zpc <R> 
[ 

C, Cs 

i 

KN + KS 

K,+C, K,+C,- K,+C, K,+C, 

<r,>=z,<R> 
[ 

C, Cs KS 
K,+C, K,+C,-‘K,+C, 1 

<r,>=-Y N/xA<rx? 

<r,>=-Y ym%A’ 

< rx-r >=<R> c, cs + GC 
K,+C, K,+C, KPC+C& I 



Conclusions. 

The simplified, monodimensional model of radiative transfer based on the asumptions 

of Schuster and established for rectangular geometries has been extended in this technical note 

to cylindrical geometries. This new physical model requires the photobioreactor to be radially 

and homogeneously illuminated to be applicable. This experimental condition being difficult to 

realize, an equation has been developed in order to obtain the mean value of the radiant energy 

flux at the boundary of the reactor from a measurement with an integrating sphere photometer. 

The model developed allows to utilize the kinetic equations which have been published 

in the two papers given in appendix with the same kinetic parameters. 

The validity of these parameters which have been identified in the range 4-20 W/m2 will 

have to be inproved by experimentation for higher incident radiant energy fluxes. 
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Figure 2: profiles of normaiized radiant energy available along the 2 axis (6 as parameter). 

0 

Figure 3: profiles of normalized radiant energy flux along the Z axis (6 as parameter). 
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The study of the interactions between physical limitation 
by light and biological limitations in photobioreactors leads 
to very complex partial differential equations. Modeling of 
light transfer and kinetics and the assessment of radiant en- 
ergy absorbed in photoreactors require an equation includ- 
ing two parameters for light absorption and scattering in the 
culture medium. In this article, a simple model based on the 
simplified, monodimensional equation of Schuster for radia- 
tive transfer is discussed. This approach provides a simple 
way to determine a working illuminated volume in which 
growth occurs, therefore allowing identification of kinetic 
parameters. These parameters might then be extended to 
the analysis of more complex geometries such as cylindri- 
cal reactors. Moreover, this model allows the behavior of 
batch or continuous cultures of cyanobacteria under light 
and mineral limitations to be predicted. 0 1992 John Wiley & 

Sons, Inc. 

Key words: modeling - kinetics * cyanobacteria l photobiore- 
actors l radiative transfer 

INTRODUCTION 

Mathematical modeling of photobioreactors requires the 
coupling between the metabolism of microorganisms 
and the physical phenomena of light transfer inside the 
culture medium to be known. 

Photoreactors are governed by the availability of radi- 
ant light energy, which is very heterogeneous within the 
culture volume. This spatial heterogeneity results in 
local reaction rates and linear macroscopic kinetics, 
which makes it necessary to derive local equations and 
to calculate the total radiant energy absorbed by the 
cells. Generally, the Lambert law is assumed to express 
the attenuation of radiant energy flux resulting from light 
absorption by pigments in monodimensional applica- 
tions,“.5.8.1j However, this law, which neglects light scat- 

* To whom all correspondence should be addressed. 

Biotechnology and Bioengineering, Vol. 40, Pp. 817-825 (1992) 

0 1992 John Wiley & Sons, Inc. 

tering by particles, provides only first approximations for 
turbid cultures. Studies on solar energy conversipn yield 
by photosynthetic microorganisms’,6 have shown that a 
best accuracy could be obtained with the equation of 
radiative transfer. However, the complexity of this equa- 
tion, even when applied to t.he simplified monodimen- 
sional geometry, requires long calculation times that 
hinder the identification of kinetic parameters. 

Schuster’” proposed a simplified, monodimensional 
equation of radiative transfer, incorporating two inde- 
pendent parameters related to light absorption and scat- 
tering. We used the analytical solution of this equation 
for the determination of local radiant energy available in 
the culture medium and for the approximate quantifica- 
tion of the total energy absorbed in the vessel. Schuster’s 
approximations then enabled us to establish a simple 
mathematical model that accounts for light limitation 
during growth and for the transition of the kinetics of 
photosensitized reactions from exponential to linear. 

Moreover, the resolution of the radiative transfer 
equation also simplifies studies of kinetic aspects related 
to other limitations that are of great interest, especially 
for mathematical modeling of closed ecological life 
‘support systems (CELSS). Mineral limitations, though 
controlling the process, are interrelated with light limi- 
tation since growth reactions occur only in the illumi- 
nated part of the bioreactor. The definition of kinetic 
parameters related to light or to mineral limitations 
therefore implies that this illuminated volume is known, 
particularly for batch cultures in which it changes during 
the time course of the experiment. 

Accordingly, we also introduce in this article the con- 
cept of working illuminated volume, as defined from the 
expression of the transmittance given by the resolution 
of the radiative transfer equation. This concept allows 

CCC 0006-3592/92/070817-09$04.00 



the identification, in simple rectangular photobioreac- 
tors, of kinetic parameters, the use of which can be ex- 
tended to studies of more complex geometries, such as 
cylindrical vessels. 

MATERIALS AND METHODS 

The cyanobacterium Spirulina platensis (strain 8005, 
Institut Pasteur) was axenically grown in a culture 
medium described by Zarrouk.” Biomass, including ex- 
tracellular polysaccharide, was turbidimetrically deter- 
mined at 750 nm using a dry weight conversion factor. 
Absorption and scattering mass coefficients were deter- 
mined, according to Aiba’ and Shibata,” with the 
opalescent plate method. Experimental results were 
computed using a Newton-Raphson algorithm to solve a 
nonlinear algebraic system. 

All spectrophotometric determinations were per- 
formed with a UVIKON 860 spectrophotometer 
(KONTRON). Luminous fluxes were measured with 
a Li-185 B radiometer (Li-COR) through an infrared 
cutoff filter (350-750 nm). 

LIGHT TRANSFER MODELS 

Scope 

Light energy dissipation inside a liquid medium taken to 
be nonemitting and nonfluorescing depends on two in- 
dependent phenomena: absorption by the pigments and 
scattering by whole cells, often called the shading effect. 
This shading effect makes the mathematical description 
of light transfer extremely complex: The available energy 
at any point of the bioreactor comes from the main light 
source and from all space directions as light scattered 
by the suspension. Thus the absorbed energy depends 
on the scattering characteristics of the entire volume. 
The problem is accordingly described by an integro- 
differential system.1-3.6”z~*3 

Two approaches can be adopted: Either the use of an 
oversimplified model that neglects shading or the nu- 
merical integration of the integro differential problem 
by a Monte Carlo method that requires sophisticated 
numerical tools and long calculation times.‘.2 The pre- 
sent work attempts to develop an alternative way using a 
two-parameter model that remains mathematically trac- 
table and that accounts independently for absorption 
and scattering. 

Mathematical Background of the Light Transfer 
Problem in Monodimensional Geometries 

The attenuation of light in batch or continuous cultures 
in photobioreactors creates a heterogeneous radiation 
field inside the culture responsible for local kinetics. It 
is therefore necessary to consider the effects on growth 
rate of the light intensity available at each point of the 
reactor. Monodimensional geometries simplify this 

problem by reducing the knowledge required to the pro- 
jection of the vectors along one axis only, namely the 
.z axis. Such an approximation is only possible for rect- 
angular photoreactors in which light is provided on one 
side or two opposite sides. The specific light intensity of 
wavelength A, l,(z,&(p), at each point of the z axis, in 
the direction making an angle 8 with the z axis, with cp 
as the azimuthal angle in spherical coordinates (Fig. l), 
characterizes the radiation field. 

Assuming the radiation field is isotropic, the mean 
intensity J,, is calculated by the double integral: 

J~A = & I,(z, e) d ‘w 

where d2w denotes for the differential of the solid angle, 
d2w = sin fldedp (Fig. l), which leads to 

Jzr = k 
2n n 

II lA(z, e) sin Odf9dq (1) 
0 0 

The radiant energy flux in the z direction is similarI> 
calculated by 

PzA = II 
L(Z, e) cos edh 

277 n 

= 

II 
I,(z, e) sin 8 cos eded+ (2) 

0 u 

If the medium is assumed to be absorbing, scattering, 
nonemitting, and nonfluorescing, two parameters are 
necessary to characterize the path of the light. Also, the 
assumption that scattering and absorption are propor- 
tional to the biomass concentration introduces the ab- 
sorption and scattering mass coefficients E,,* and E,* 
(square meters per kilogram of biomass). 

The light energy balance’ upon a differential length dz 
(again assuming a monodimensional geometry) enables 
the variation of the radiant energy flux along the z axis 

Figure 1. Profile of light radiant energy flux in monodimensional 

geometry. 
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to be related to the mean intensity: 

dF,“=-4TE 
dz 

OA C J x Zh 

The right-hand term represents the 
rate (W me4) noted, A,,, so that 

ADA = 4?rE,,C, J,A 

(3) 

local absorption 

(4) 

The above equations characterize the light energy dis- 
sipation in an isotropic radiation field for monodimen- 
sional geometry and for a radiation of wavelength A; the 
definitions can be extended to the total emission spec- 
trum by 

and similarly for F,, J,, and A,; 

and similarly for E,. 

The Simplest Model: Beer-Lambert Equations 

The Beer-Lambert law has usually been used to express 
the exponential attenuation of the radiant energy flux, 
which results from absorption by the culture medium 
only. i*5.8.‘4 This model, extensively used in photometry, 
is based on two assumptions: (1) the light field remains 
parallel throughout the vessel and (2) the scattering of 
the solid particles can be neglected. 

A differential radiant energy balance upon a cross- 
sectional area leads to 

dF, = - EoL C, F,dz 

uhich after integration gives 

F, = F. exp( - EoL C,z) (5) 

The subscript L has been added to the absorption co- 
efficient E, to account for the fact that EoL aggregates 
absorption and leaks of light energy by scattering; E,L is 
generally termed the extinction coefficient. 

Adaptation of Schuster’s Hypotheses 

The problem of radiative transfer which is expressed by 
the light energy balance [Eqs. (l)-(3)] is an integro- 
differential problem requiring sophisticated numerical 
methods for its solution. The computation method used 
has to be linked to time-dependent kinetic equations, 
leading to high complexity and requiring a long calcula- 
tion time. 

A simplified solution has been proposed by Schuster” 
which neglects the angular distribution of the incident 
intensity at the external walls and of the scattered inten- 
sity inside the medium. We can summarize his assump- 
tions as (1) the light field remains isotropic throughout 
the vessel and (2) absorption and scattering are ac- 

counted for independently by the two coefficients E, 
and E,: The scattered intensity is assumed to be emit- 
ted by the suspended particles in the main direction of 
the radiation either positively or negatively. 

The field of radiation is then split into two opposite 
fluxes F,’ and F,- assumed to be parallel to the z axis 
(Fig. 2). Two energy balances on the elemental volume 
of thickness AZ can be established separately for the 
direct and the reverse fluxes F,’ and FT-: 

F’I, - F-Iz+*z + ;E,C, * AZ . F-l, 

= E,C, * AZ . F’I, + ;E,C,. AZ . F’I, (6) 

F-l z+Ar - F-l, + ;E,C, * AZ * F’l, 

= E,C, * AZ . F-j, + +E,C, . AZ . F-l, (7) 

The coefficient l/2 has been assigned to the scatter- 
ing terms; in this form, the radiant energy balances state 
that half of the direct scattered energy i E, C, * AZ . F -1: 
is reflected in the opposite direction F,- and must there- 
fore be added as an entry term in the F,- balance. Con- 
versely, the term i E, C, . AZ . F -I1 must be considered 
in the F,’ balance. By dividing the entire Eqs. (6) and (7) 
by AZ and taking the limit as AZ approaches zero, the 
following differential system is obtained: 

dF,+ 
- = -E,C, u F,’ + fE,C,(F,- - F,‘) 

dz 
(8) 

dF,- 
- = E,c,. F,- + ;E,C,(F,- - F,+) 

dz 
(9) 

This system of ordinary differential equations can 
easily be integrated, provided appropriate boundary 
conditions are expressed. If the reactor is illuminated 
on one side (z = 0) with parallel light and the opposite 
side (z = L) and the lateral sides are covered with an 
absorbing material such as black paper, the following 
boundary conditions can be set: 

z=o F,’ = Fo 

z=L F,- = 0 

(10) 

(11) 

CFi 

*c 

F; - 

Fd- li2~CxAzF; - 

_____------- 

lR&Cx AzF;N- 

Fo’-F 

c-- 

1 =, 

0 z .?*A2 L 

Figure 2. Global radiant energy balances on an elemental volume 

of thickness AZ. 
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The integration of Eqs. (8) and (9) with (10) and (11) 
is straightforward: 

Fz + (1 + a)‘. e -&Z-l) _ (1 _ 42 . ,w-I, 

-= 

FO (1 + a)‘. e6 - (1 - a)‘. em6 (12) 

F,- 

F,= 

(1 _ aZ&-@z-1’ _ ,s(z-‘1) 

(1 + a)? . e6 - (1 - a)’ ee6 (13) 

where a and 6 are given by 

(Y = (_!?,/(I?, + E,)]’ : (14) 

6 = (E, + E,)aC,L (15) 

and Z is the dimensionless abscissa z/L. 
The radiant energy flux F, is then obtained by the 

vectorial sum of the direct and reverse fluxes so that 

F, = F,’ - F,- (16) 

The mean intensity J, is calculated according to 

Eqs. (3), (g), (9) and (16), leading to the simple re- 
sult that J, is proportional to the absolute sum of F,’ 
and Fz-: 

(17) 

The choice of F, or J, to express the effects of light 
availability in the medium by a kinetic law is determi- 
nant, since it will modify the value of the light relative 
kinetic parameter. Physiologically, the value 47~J: that 
represents the radiant energy available seems more ap- 
propriate. We thus chose to work with the quantity 
Fz+ + F:-. 

Using Eqs. (12) and (13), 4nJ, is then given by 

4lTJ: + a)e-“(z-i) _ (1 _ a)e6(z-I) 
-= 
Fo 

2(l 
(1 + a)‘e” - (1 - a)‘em6 (18) 

The Z profiles of Fz+/Fo, F:-IF,,, and 4nJ,/Fu have 
been plotted in Figures 3a-3c for S/a = (E, + E,)C, . 
L = 1 and for three values of a. For a = 0 (Fig. 3a, no 
absorption) the profiles are linear. This is the conserva- 
tive case, and it is easily shown that F-l,=o + F’lzmL = 
Fu, which means that the radiant energy entering at 
z = 0 (F+I:_o = Fo) completely leaves the reactor in the 
positive direction, at z = L, and in the reverse direc- 
tion, at z = 0. In addition, this figure confirms the bal- 
ance of the conservative case that the energy flux F, 
remains equal to F. throughout the medium. For a = 1 
(Fig. 3c, no scattering), the F,’ profile indicates an ex- 
ponential decrease along the z axis that corresponds to 
the Beer-Lambert law [Eq. (5)]. 

The Z profile of the ratio 4rJ,/Fo is plotted in Figure 4 
for a = 0.5 and for several values of the parameter 6, 
which is proportional to the biomass concentration and 
to the thickness of the medium at fixed absorption and 
scattering conditions [Eq. (15)]. The results clearly indi- 
cate that as the biomass concentration increases, a large 
part of the photoreactor may become dark and thus inef- 

ficient. This fact will be used below to define a working 
volume inside the reactor. 

Comparison between Schuster and 
Beer-Lambert Models 

As previously mentioned, the expressions derived from 
Schuster’s hypotheses contain the Beer-Lambert model 
assigning a value of 1 to the parameter a. The F, and J: 
profiles are obviously different for the two models; 
briefly speaking, Schuster’s hypotheses enable gradual 
deviation from the exponential decay predicted by the 
Beer-Lambert law to the limit flat profile for F, in the 
case of no absorption. 

The two models can be compared more explicitly 
using measurable and/or average quantities such as the 
transmittance and the average volumetric rate at which 
energy is absorbed inside the medium. 

The expression of the transmittance T is given by the 
ratio of the energy flux at z = L over the incident flux Fo: 

T+ 
4a 

(19) o (1 + a)‘e’ - (1 - a)‘e-’ 

Again setting a = 1 for the Beer-Lambert model, it 
is always possible to identify one value of the extinction 
coefficient EoL from a measured value of the transmit- 
tance at a fixed biomass concentration [accounted for by 
parameter S via Eq. (15)]. Nevertheless, the variation of 
T with biomass concentratibn will not be correctly pre- 
dicted by the Beer-Lambert model. Moreover, if the 
mass fraction of pigments in the biomass changes, for 
example because of mineral limitations, the values of a, 
and as a consequence the value of T, are strongly af- 
fected. Thus it may be concluded that Schuster’s hy- 
potheses afford an improvement of the robustness of the 
light transfer model for different biomass concentrations 
and different pigment compositions of biomass. 

The average volumetric rate (A) at which energy is 
absorbed inside the bioreactor can be expressed in 
three ways. Considering the macroscopic energy balance 
of light over the entire reactor, 

6-4 FL+ Fo- 
(F,lt)=l-Fo % 

(20) 

which leads to [Eqs. (12) and (13)]: 

(A> 
(FaIL)=l- [ 

4a + (1 - a2) (e6 - ew6) 

(1 + a)‘e” - (1 - a)‘e+ I (21) 

The average volumetric rate at which energy is ab- 
sorbed can also be expressed by 

(/I) =+dl 
0 

Using Eqs. (4), (14), and (15), 

‘) as -=- 
I (Fob) Fo o 

’ 47J dZ 
’ 
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a=0 

C, L $4 E,) = 1 

(a) 0) 

1 

a= 1 

C, L (E,+ E,) = 1 

Figure 3. Profiles in normalized radiant energy available, IrrJ,/F”: (a) scattering medium (a = 0); (b) absorbing and scattering 

medium (a = 0.5): kc) absorbing medium (CI = 1); 2 = z/L is the dimensionless thickness of the medium. 

which enables the average available energy (47rJ) to be versus the ratio 6/a, which represents a dimension- 
simply calculated: less amount of biomass inside the reactor. The ratio 

(471.J) = + lL 4rJ,dz 

(A)/(FO/L) asymptotically reaches a maximum value as 
the biomass quantity increases, which confirms that the 
reactor performance may be limited by light energy 

=5?& l- 
[ 

;; ; ;;2e; :‘;:e; $-“! 1 transfer when biomass concentrates in the medium. It is 
(22) easily established that the asymptotic value of (A)/(F”/L) 

is given by 
The third way uses Eqs. (3) and (4): MA) 

,[ I 

2a 

MA) 
I 

FL dF, ‘lrn (Fop,) = - C,.L+= l+a (23) 
-=- 
(FOIL) F,, x Similarly, the asymptotic value of the average inten- 

which gives the same result as Eq. (21). The ratio sity becomes 

(AY(Fo/L), i.e., the reduced absorbed energy rate, is 
plotted in Figure 5 for different values of parameter a 

lim (471’5) = Fo& 
Cx*L+- 

(24) 
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Figure 4. Profiles in normalized radiant energy avallable, 4nJ,/F”, 

versus the dimensionless thickness of the medium, z/L: a = 0.5; 
S as parameter. 

1.c 

0 

0.5 

0.3 a 
7...,...,...,...,... 

7 * c n c,_ 
“IU 

Figure 5. Normalized absorbed energy rate into the photobioreac- 

tor versus the ratio 6/a (normal optical thickness); (I as a parameter. 

For small biomass concentrations (S - 0), Taylor ex- 
pansions in Eqs. (21) and (23) lead to 

lim (47rJ) = F0 (26) 

It is obvious from&&e 5 and from Eqs. (23) to (25) 
that the Beer-Lambert and the present models furnish 
different results. As regards the light energy uptake by 
the microorganisms in the photobioreactor, it is neces- 
sary to characterire absorption and scattering separately. 
As a consequence, the Beer-Lambert model would lead 
to erroneous calculation of light energy conversion yields. 

Therefore, Schuster’s approximations afford analyti- 
cal expressions accounting independently for absorption 
and scattering and improve considerably on the simpler 
model of Beer-Lambert. 

COUPLING GROWTH KINETICS AND LIGHT 
TRANSFER MODELS 

The absorption of light by pigments in high concentra- 
tion may create a dark zone in photobioreactors in which 
growth will not occur, The existence of a radiant energy 
profile in the illuminated zone results in a mean growth 
rate that can be calculated with a mean volumetric inte- 
gral, assuming a kinetic law for growth. Growth rate 
versus the radiant energy flux F, is generally taken to 
follow a Monod-type law. 5,8*9.‘4 As mentioned above, we 
prefer to work with the total available energy 47rJ,: 

r, = FM . c, 
4rJz 

K, f 41rJ, = CL . ” (27) 

The mean biomass volumetric rate is then given by 

and in monodimensional photobioreactors 

(rx)=$~.Ci.~ yiTJ .dz (30) 
0 J 

It must be emphasized that light energy limitation is 
the most commonly encountered condition during cul- 
ture of photosynthetic bacteria or algae, even when light 
energy is available in the entire reactor volume. 

For low-energy inputs, the incident energy F0 is negli- 
gible compared to K,, which means that the specific 
growth rate p is proportional to 47rJ throughout the il- 
luminated volume. In monodimensional applications, 
Eq. (27) therefore becomes 

r 
I 

= ?+. C,. J, (31) 
I 

The mean volumetric growth rate then can be calcu- 
lated assuming Schuster’s approximations adequately 
characterize light scattering in the medium. Two limit- 
ing cases can be examined: 

If the biomass concentration is low, then using Eq. (26), 
we obtain 

(rX) = F . Fo . c, (32) 
J 

Although the metabolism is limited by light energy, 
growth is exponential, with an apparent maximum spe- 
cific growth rate PM * Fe/K, proportional to the incident 
energy and independent of the absorption and scattering 
characteristics of the medium. 
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If the biomass concentration is high; using Eq. (24), 
we obtain 

(r*) = F . $+ . & 
J a’ 

(33) 

The growth rate is independent of the biomass con- 
centration, indicating a linear growth, the rate of which 
is strongly dependent on the absorption and scattering 
characteristics of the medium (E, and a) and propor- 
tional to the incident energy FO. 

When the approximation KJ S FO can no longer be 
made, the mean growth rate [Eq. (30)] must be numeri- 
cally calculated using the appropriate equation for 477~~~ 
[Eq. (18)]. The ratio (T&M is reported in Figure 6 ver- 
sus the biomass concentration with F~/KJ as a parame- 
ter. The exponential growth ((T&H proportional to CX) 
and the linear growth ((T&M independent of CX) are 
conserved, whatever the ratio Fo/KJ, but the limit ex- 
pressions for linear growth rate [Eq. (32)) and specific 
maximum growth rate [Eq. (33)] do not remain valid. 

The value of the ratio /.LM/KJ can easily be determined 
from a batch growth experiment for limiting values of 
radiant energy from measurements of either exponential 
[Eq. (32)J or linear [Eq. (33)] growth. It must be empha- 
sized that the identification cannot be performed with- 
out stating a light energy absorption and scattering 
model, requiring simple geometries such as monodimen- 
sional reactors. It is noteworthy that the Beer-Lambert 
and Schuster models will lead to the same results, as 
regards growth, if the extinction coefficient EOL is equal 

to [Eq. (33)l 

Ea,_ = E)$ (34) 

The results given by this equation differ from those 
obtained from physical measurements of the transmit- 

rx’bl 

0.3 

0.1 

0 
0 0.1 C xl 0.3 0.4 cx 

Figure 6. Dimensionless growth rate T&Y (kg m-‘) versus bio- 
mass concentration C, (ICY m-‘): E. - E, = 200 m2 kg-‘; .L = 
0.05 m; F,/K, as a parameter. Graphical determination of CA. 

tance [Eq. (19)], which again confirms the improvement 
of the light transfer model developed using Schuster’s 
assumptions. 

WORKING ILLUMINATED VOLUME 

The preceding developments can be further simplified 
by introducing the concept of a working illuminated vol- 
ume, which divides the photobioreactor into a dead zone 
in which no metabolic activity is supposed and an illu- 
minated zone in which growth occurs. 

We define the working illuminated volume as the vol- 
ume in which growth would be exponential, the other 
part of the bioreactor being inactive. The average volu- 
metric rate is expressed by 

r, = (1 - y)$ 
I-J-! 

1 
r,ldV + YV 

ill 
rx2dV (35) 

1 vi 2 v2 

where subscripts 1 and 2 refer to the dark and the illumi- 
nated zones, respectively; y stands for the ratio of illu- 
minated volume to total volume. Given that respiration 
of cyanobacteria is inhibited in the light’ and assum- 
ing that the residence time of cells in darkness is short 
enough to avoid respiration, rxl = 0. In monodimen- 
sional applications, y = LJL, Eq. (35) becomes 

(r,) = y ' $ IL'rx> di (36) 
: u 

Two cases have to be examined: F. << K, and the gen- 
eral case. 

For low-energy inputs, the approximation FO @ K, 
already discussed is valid. The volumetric growth rate 
in the working illuminated volume r,2 is then given by 
Eq. (32); (rx> is then expressed by 

(rx) = 2 yFuCx (37) 
J 

If a dark zone does exist, the overall growth is linear 
and the average growth rate is also expressed by Eq. (33). 
Combining the two expressions for (rl) affords the work- 
ing illuminated length Lz as 

2cX 1 L2=-- 
1 + ffE@C, (38) 

The most important fact is that the working length L: 
is independent of incident energy F,, kinetic parameters 
~~ and KJ, and the reactor thickness L. Thus L? is a 
lumped parameter that takes into account the relative 
influence of absorption and scattering and the biomass 
concentration. 

In the general case, it is always possible to define ex- 
ponential linear growth phases, as mentioned above, 
even though no analytical expression for (rJ can be 
derived. Nevertheless, a Iimiting value of parameter S 
can be calculated graphically by the intercept of the line 
(r,) = klpMS and the line (r,) = kz (Fig. 6). The ob- 
tained value aM corresponds to the maximum value of 6 
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and therefore to the limit value of the biomass concen- 
tration C,, that could be obtained by exponential growth 
in a hypothetical bioreactor uniformly lit throughout its 
entire volume with energy flux Fo. When the linear 
growth is observed, the biomass concentration C, is 
larger than C,, so that the behavior of the culture is 
equivalent to that of a hypothetical bioreactor of thick- 
ness Lz smaller than total thickness L where biomass at 
a concentration C, would grow exponentially consuming 
the same light energy. The fight energy consumption is 
given by the product (A)V, which in turn means that for 
monodimensional applications the product @)L reaches 
a constant value. At fixed Q and Fo, this means that 6 
remains equal to S M if the biomass concentration is 
greater than C,, [Eq. (21)]. As a consequence, the trans- 
mittance T [Eq. (19)] and the average available energy 

(45r~,) ]Eq. (23)1 remain unchanged. The working iliumi- 
nated thickness Lz is then given by [Eq. (IS)]: 

L+L (39) 
I 

Equation (38) corresponds to the limit expression of 
Eq. (39) when F. e K,. 

Different values of C,, were graphically determined 
from batch cultures of S. platensis for two different rec- 
tangular bioreactors (Roux flasks of thicknesses 0.05 
and 0.08 m) and radiant energy fluxes F. that varied be- 
tween 4 and 20 W . m-‘. It is interesting to note that the 
values obtained correspond to a constant value of energy 
flux at z = L, FL, calculated from the transmittance 
ratio (Eq. (19)]. The value of FL obtained from eight in- 
dependent experiments is 

FL = 4rJL = 1.0 ~0.1 W m-’ 

The concept of a working illuminated length L: can 
easily be extrapolated to multidimensional reactors, i.e., 
to a working volume, assuming Lz represents an opera- 
tive thickness. Although hypotheses of the Schuster 
model [Fig. 2 and Eqs. (8) and (9)] are no longer satis- 
fied, this kind of approximation may provide a useful 
framework for situations of complex light transfer. For a 
cylindrical reactor of external diameter D, with a radial 
illumination, the parameter y is given by 

Y= 
4L>(D - L:) 

D2 (40) 

CONCLUSION 

The simplified model for radiative transfer developed 
in Eqs. (8)-(11) enables the radiant energy flux and 
the radiant energy available inside a monodimensional 
photoreactor to be calculated using a tractable system of 
algebraic equations. Schuster’s approximations thus 
appear to be the simplest way to approach the radiant 
energy profile in the culture while taking into account 
the effect of biomass concentration and of the two in- 

dependent absorption and scattering phenomena. This 
approach provides a useful framework for studying the 
effect of light intensity on the growth and metabolic be- 
havior of photosynthetic microorganisms. However, it 
must be pointed out that the applicability of the model is 

limited to monodimensional applications and to a mean 
wavelength of the visible spectrum. 

More sophisticated mathematical and numerical tools 
are required to solve, for each relevant wavelength, the 
exact equation of radiative transfer in its tridimensional 
form. However, this approach to precise calculation of 
the energy absorbed by the cells’ requires very high cal- 
culation time and complex algorithms. Monodimen- 
sional operating conditions and the model developed in 
this article therefore appear to be the best approach for 
the identification of kinetic parameters. 

This work was supported by the Centre National d’Etudes 

Spatiales and by the European Space Agency. 

NOMENCLATURE 

A 

AA 

C. 
D 

E. 
E, 
E IIf_ 
F 
F1 

I 
I* 

/ 
JA 
K/ 
L 

L2 
r, 
r 
t 
V 
.z 
Z 

0 

local absorption rate (W m-‘) 
local absorption rate for the radiation of wavelength A 

(W m-‘) 

biomass concentration (kg mm’) 
diameter (m) 

global absorption mass coefficient (m’ kg-‘) 
global scattering mass coefficient (m’ kg-‘) 

extinction coefficient of Beer-Lambert (m’ kg-‘) 

radiant energy flux (W me’) 

radiant energy flux for the radiation of wavelength A 

(W me’) 

specific intensity (W m-‘) 

specific intensity for the radiation of wavelength A 

(W m-‘) 
mean intensity (W m-‘) 

mean intensity for the radiation of wavelength A (W m-‘) 

half saturation constant for total energy available (W me’) 

length of reactor (m) 

length of working illuminated volume (m) 

volumetric rate in biomass (kg m-’ h-‘) 

transmittance (dimensionless) 

time (h) 

volume (m’) 

length (m) 

dimensionless length, =z/L (dimensionless) 

mean volumetric integral, = 1/V fly dV 

Greek lelters 

a (E./(E. + E,))“’ (dimensionless) 

z 

illuminated fraction of bioreactor volume (dimensionless) 

(E. (E. + E,))“‘C,L (dimensionless) 

A wavelength (m) 

P growth rate (h-l) 

CL*, maximum growth rate (h-l) 

0,cp angle (rad) 
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A structured model for the culture of cyanobacteria in 
photobioreactors is developed on the basis of Schustets 
approximations for radiative light transfer. This model is 
therefore limited to monodimensional geometries and ki- 
netic aspects. 

Light-harvesting pigments play a crucial role in defining 
the profile of radiative transfer inside the culture medium 
and in controlling the metabolism, particularly the meta- 
bolic deviations induced by mineral limitations, Modeling 
therefore requires the biomass to be divided into several 
compartments, among which the light-harvesting compart- 
ment allows a working illuminated volume to be defined 
within the photobioreactor. This volume may change during 
batch cultures, largely decreasing as pigment concentration 
increases during growth but increasing as pigments are 
consumed during mineral limitation. This approach enables, 
in photobioreactors of simple parallelepipedic geometries, 
kinetic parameters to be determined with high accuracy; 
this may then be extended to vessels of more complex ge- 
ometries, such as cylindrical photobioreactors. 

The model is applied to controlled batch cultures of the 
cyanobacterium Spirulina platensis in parallelepipedic pho- 
tobioreactors to assess its ability to predict the behavior of 
these microorganisms in conditions of light and mineral limi- 
tations. Results allowed the study of optimal operating con- 
ditions for continuous cultures to be approached. 0 1992 
John Wiley & Sons, Inc. 
Key words: Modeling l kinetics l cyanobacteria l photo- 
bioreactors . S,oiru/ina platensis l mineral limitations 

INTRODUCTION 

Mineral limitations during batch cultures of cyanobacte- 
ria result in marked metabolic deviations, which consid- 
erably modify the accumulation time courses of main 
biomass components (e.g., proteins, pigments,2’3.‘4 car- 
bohydrates9). 

l To whom all correspondence should be addressed 

Biotechnology and Eioengineering, Vol. 40, Pp. 826-834 (1992) 

0 1992 John Wiley & Sons, Inc. 

Phycocyanins are chromoproteins that constitute the 
main light-harvesting pigment in cyanobacteria and 
which represent about a quarter of the cell proteins. 
They are of special interest for modeling photobioreac- 
tors, since they play a crucial role in photosensitized 
photosynthetic reactions and are consumed under min- 
eral starvation (N or S). As mentioned in the preceding 
report,’ the proportion of light-absorbing pigments in 
the biomass allows a working illuminated volume to be 
defined within the photobioreactor in which photosensi- 
tized reactions take place. 

However, the whole biomass participates in defining 
light characteristics within the photobioreactor by scat- 
tering light out of the vessel in proportions that have to 
be known for the assessment of total radiant energy ab- 
sorbed in the reactor. 

These typical interactions between the metabolism of 
microorganisms and physical phenomena require inde- 
pendent classes of biomass components to be defined 
for modeling. In such structured models,‘2 biomass is 
divided into major components and kinetic laws are 
postulated. In the case of microalgae cultures in photo- 
bioreactors, under light and mineral limitations, intro- 
duction of a working illuminated volume in this type of 
model allows the different mean volumetric rates to be 
calculated, as explained in the preceding article.’ This 
step therefore requires physical considerations on radia- 
tive transfer. 

With a view to link the mean volumetric rates of sub- 
strate consumption to biomass synthesis, the mass con- 
version yields are theoretically established by writing 
stoichiometric equations for the formation of biomass 
and products from CO2 and minerals. 

CCC 0006.3592/92/070826-09504.00 



MATERIALS AND METHODS 

The cyanobacterium Spirufina platensis strain 8005 (In- 
stitut Pasteur) was axenically grown in a culture me- 
dium described by Zarrouk,” but containing 10.5 kg . 
me3 NaHC03 and 7.6 kg - mm3 Na2C03. For studies of 
mineral limitations, nitrate concentration was reduced 
to 0.29 kg rne3, and sulfate was only provided by the 
inoculum. 

Batch cultures were carried out in a 4-L parallelepi- 
pedic photobioreactor. Light was provided from one side 
by four white fluorescent lamps (Mazdafluor, industry 
white TF, 20 W). The opposite side was covered with 
black paper to comply with the light transfer model.’ 

Standard culture conditions were pH 9.5 20.1, tem- 
perature 36 tl”C, air flow rate 1.6 X lo-’ Nm3 . S-‘. 

For cultures under sulfur limitation, the light flux was 
18 W . rne2; for nitrogen limitation, it was set at 8 and 
12 W . m-’ in order to evaluate the effect of both nitro- 
gen and light energy limitations. 

Biomass, including extracellular polysaccharide, was 
turbidimetrically determined at 750 nm using a conver- 
sion factor for dry weight. Total proteins and total sugars 
bvere spectrophotometrically quantified with the BCA 
test (Pierce) and with the anthrone reagent,’ respectively. 
Chlorophyll a and phycocyanin concentrations were cal- 
culated from a comparison of absorbances at 620 and 
678 nm and corrected for scattering.5.‘” Nitrate and sul- 
fate concentrations were determined according to the 
spectrophotometric method at 210 nm6 and the sodium 
rhodizonate method,13 respectively. 

All spectrophotometric determinations were per- 
formed with a UVIKON 860 spectrophotometer 
(KONTRON). Light fluxes were measured with a 
LI-185 B radiometer (LI-COR) through an infrared cut- 
off filter (350-750 rim). 

RESULTS 

Eight experiments were performed in Roux flasks 0.05 
and 0.08 m thick for incident light fluxes Fo ranging be- 
tween 4 and 20 W . me2; nitrogen and sulfur limitations 
were examined. Table I summarizes the different ex- 
perimental conditions that were tested. For each experi- 
ment a linear growth phase was attained,’ the rate of 
which is calculated in Table I, indicating a strong influ- 
ence of Fo. Experiments 4 and 5 were performed in the 

same light conditions and are fairly reproducible. Nitro- 
gen limitation was obtained for experiments 1 and 3; 
sulfur limitation was obtained for experiment 2. 

Points on Figures 1 and 2 correspond to experimental 
measurements during growth of Spirulina under N and 
S depletion. For each culture, the percentage of N or S 
recovery was respectively 96% and 91%, confirming 
that all main molecular species involved initially in the 
process were correctly identified. 

The measured effects of nitrate and sulfate limita- 
tions on batch cultures in a parallelepipedic photobiore- 
actor were quite similar and in good agreement with 
those for nonfixing nitrogen cyanobacteria.2-4 In the 
presence of nitrate and sulfate, both growth and accu- 
mulation of main cellular components were initially ex- 
ponential and rapidly became linear as a result of light 
limitation by increasing self-shadowing. As soon as ni- 
trate and sulfate were exhausted, phycocyanins (PC) 
(the main light-harvesting chromoprotein) began to be 
degraded, at a rate that was shown to be similar to that 
of their synthesis during the linear phase. This strongly 
suggests that the rate of PC degradation during limita- 
tion and the rate of PC synthesis during the linear 
growth phase are both related to the working illumi- 
nated volume. 

However, N and S limitations exert different effects 
on the evolution of the overall protein composition. Un- 
der N starvation, the total amount of proteins in the 
culture stabilized to steady-state level, indicating that, as 
expected, PCs are used as N reserve for the continued 
synthesis of other proteins, On the other hand, the de- 
crease in the total protein level observed during S star- 
vation results from the degradation of both PCs and 
other proteins. 

In both cases, a marked residual biomass accumula- 
tion originated in a very large synthesis of carbohy- 
drates, probably as intracellular sulfated glycogen. 

These data were used to establish the main hypothe- 
sis of the kinetic modeling. 

MODELING: STRUCTURED MODELS OF KINETICS 
UNDER MINERAL LIMITATIONS 

Structured Models 

Structured models, including compartments, have been 
developed by RoeIs.‘* They are of particular interest in 

Table 1. Experimental conditions for the culture of Sprulina platems in Roux flasks. 

Experiments taken for identification 
Experiment L x 100 FO r, x 10’ 

no. Limitation (m) (W m-‘) (kg m-’ h-‘) & & KN KS KPC 9 

1 N 8 20 3.2 + + + + 
2 S 8 18 2.5 + + f + + 
3 N 8 12 2.1 + + + + 
4 - 8 11 1.8 + + 
5 - 8 11 1.8 + + 
6 N 8 8 1.7 + + + + 
7 - 5 7 1.6 + + 
8 - 5 4 1.5 + + 
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Figure 1. Batch culture of S. plutensu in photobioreactor under NO,- depletion. Comparison 
between experimental data and the simulation obtained by the mathematical model (Table III): 

(m) Biomass concentration (kg rn-'), (C) nitrate concentration (kg m-‘), (A) protein concen- 

tration (kg m-l), (0) phycocyanin concentration (kg m-‘, x10), (e) chlorophyll a concentra- 
tion (kg m-j. x10): F. is 8 W m“ before 144 h and 12 W mm’ after. 
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0 
0 100 200 300 

TIME (h) 
Figure 2. Batch culture of S. @ensis in photobioreactor under SO,‘- depletion. Comparison be- 
tween experimental data and the simulation obtained by the mathematical model presented. 

(a) biomass concentration (kg m-l). (0) sulfate concentration (kg . m-‘, X50). (A) protein con- 

centration (kg me3), (0) phycocyanin concentration (kg m-‘. x IO), (*) chlorophyll u concen- 
tration (kg. m-‘, X10); Fo = 18 W. rn-“. 

our case, since some biomass components, such as pig- 
ments, play a crucial role in the behavior of the culture. 
If the concentration of biomass in the culture is C,, the 
state of the culture is described by an overall chemical 
state vector C, which includes the concentrations of the 
compounds present in the biotic and abiotic phases. 
This state vector can be subdivided into a biotic state 
vector X and an abiotic vector Y. The different com- 
pounds of the biotic and abiotic phases that have been 
chosen for inclusion in our model are shown in Table II. 
The active biomass XA stands for the biomass as long as 

no limitation occurs, and the total biomass XT includes 
the additional intracellular glycogen appearing during 
mineral limitation (Table II). 

For convenience and because it is easier to work with 
experimentally measured variables, the biotic state vec- 
tor will be 

X = (CPC, CP, CCH , CX., v CC) 

and the abiotic state vector will be 

Y = (C,v, c-5) 
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Table II. Structured model. 

Active biomass XA 

Total proteins P Chlorophylls 

Sulfated 
intracellular 

glycogen 
G 

Phycocyanins 
PC 

(PSII) 

Other proteins 
OP 

Total biomass XT 

Biomass B 

Abwrrc p/use 

/ Nit;tes / SulFtes / 

The state vector therefore is 

C = (CPC, CP, CCH, CXA, cc, CN, C5) 

where C expresses a concentration in kilograms per cu- 
bic meter. In addition, we can define the mass biotic 
fraction of compound i as z, = C,/CXA and the total 
biomass CXz = CAA + CG. 

Before the appearance of the limitation by sulfur or 
nitrogen, experimental results indicate that the biotic 
mass fractions of proteins (zP),, of phycocyanins (zK), 
and of chlorophylls (zCH) remain constant whatever the 
energy flux, either in exponential or in linear growth 
phases (Figs. 1 and 2): 

zp = 0.57 kg P/kg XA 

zpc = 0.135 kg PC/kg XA 

ZCH = 0.0085 kg CH/kg XA 

Some assumptions can be made here: 
1. The C, H, 0, N, S, and P elemental composition of 

the active biomass XA remains constant; this assump- 
tion has been experimentally confirmed for exponential 
and linear growth phases; under limiting conditions, 
i.e., for stationary phases, this assumption is assumed to 
remain valid. 

2. The biotic mass fraction of proteins remains con- 
stant under N starvation but decreases under S starvation. 

3. The biotic mass fraction of chlorophylls remains 
constant under N or S starvation. 

4. The biotic mass fraction of phycocyanins decreases 
under N or S starvation. 

Thus, zp, zpc, and zcH may vary under N or S star- 
vation, leading to change in the intrinsic compositions 
of biomass without any effect on the overall elemental 
composition. 

Stoichiometry 

Measurements of the elemental composition of Spir- 
dim afforded the following C-molar formula for the ac- 
tive biomass: 

CH I cm~o.sx No LX& oorpo 006 

This formula, which includes extracellular polysac- 
charide, gave the following stoichiometric equation for 
photosynthesis: 

CO: + 0.724H20 + 0.170HN0, + 0.007HzSOJ 

+ 0.006H3POJ - CHI 6soOos31No 170~0007P0006 

+ 1.37802 

1. This equation is a pure equation for photosynthe- 
sis, since it has been shown that, as in all phototrophic 
prokaryotes,” respiration of S. platemis is inhibited by 
light. 

2. Unlike the case of respiration, the elemental mass 
balance of this equation does not require experimentally 
determined conversion yields; this stoichiometric rela- 
tion has therefore been established with zero degree of 
freedom and is entirely predictive, since the six stoichio- 
metric coefficients were calculated from the six conser- 
vation balances of the C, H, 0, N, S. and P balances. 

Taking into account pH modifications during growth 
and using an oxidoreduction balance, this equation can 
be rewritten as 

HC03- + 0.724H20 + O.l70NO3- + O.O07SO4’- 

+ 0.006HPOj2- + 0.196H’ 

- CH’.ssoOo.s~No 17OfhOO7~0.006 + I.37802 + OH- 

The C-molar mass of such an active biomass is 
24.9 kg/C-kg mol. With this equation, the theoretical 
value of mass conversion yields of nitrates YNiXa and sul- 
fates Y,, in biomass can be calculated: 

Yv,, = (0.170 MM NO,-)/24.9 = 0.42 kg NOj-/kg 

active biomass 

Y ,-,XA = (0.007 MM SOd2-)/24.9 = 0.028 kg Sod?-/kg 

active biomass 

Experimental measurements of yields (Figs. 1 and 2) 
for nitrate and sulfate provided the values YV,XA = 
0.43 kg N03-/kg active biomass and Ys,,G, = 0.029 kg 
Sod*-/kg active biomass, respectively. These values are 
in fairly good agreement with the theoretical values, 
which validates the previous stoichiometric analysis. 
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Definition of Overall Absorption and Scattering 
Coefficients 

The definition of absorption and scattering coefficients 
have been modified to take into account the modifica- 
tions of pigment concentrations and of cell size, which 
occur in batch cultures during mineral limitations. Scat- 
tering must be related to the size of cells suspended in 
the medium and is thus proportional to the mass con- 
centration of the total biomass CXT, whereas absorption 
depends on pigment concentrations; absorption is thus 
proportional to the phycocyanin and chlorophyll content 
of cells, i.e., to the sum Cpc + Cc,+. 

Introducing the biotic mass fractions of phycocyanins 
and chlorophylls, z pc and zCH, a RSUhnt biotic mass 
fraction of the light-harvesting antenna zO = ZPC + zCH 
is calculated. Using the glycogen content of total 
biomass zc = CG/CX.4, the parameters LY and S of the 
light transfer model’ can be expressed as 

a = [& E,/(z, . E, + (1 + ZG) . E,)] (1) 

6 = [za . E, + (1 f zc) . ES] . Cx,., . a . L (2) 

The light transfer equations derived from Schuster’s 
assumptions clearly depend both on the biomass con- 
centration and on the pigment content of the cells. It is 
therefore justified a posteriori to describe absorption 
and scattering phenomena, which play different roles in 
light diffusion inside the reacting volume, by two pa- 
rameters. These parameters, E, and E,, are the overall 
absorption and scattering mass coefficients; appropriate 
experimental determinations provided the following 
values: 

E, = 813 m’/kg of antenna 

E, = 175 m2/kg of total biomass 

Kinetic Model 

The biomass volumetric rate will be assumed to be cal- 
culated each time according to the following sequence, 
which summarizes the equations previously given. 

Phycocyanin and chlorophyll concentrations Cpc and 
CcH yield overall absorption coefficients; total biomass 
concentration CXT gives overall scattering; parameters CI 
and 6 of Schuster’s model provide an estimation of the 
available energy along the z axis (47rJZ). The concept of 
working illuminated volume is then used to calculate 
the mean specific growth rate. 

Two additional hypotheses should be stated now, 
to write the different kinetic equations for the other 
compounds: 

1. Under mineral limitations, the mean volumetric 
rate of phycocyanin or protein uptake and the mean 
volumetric rate of biomass synthesis are both propor- 
tional to the mean linear volumetric rate of mass forma- 
tion. This linear volumetric rate presents two important 
characteristics: (a) it is not affected by mineral limita- 
tions, which induce the synthesis of intracellular glyco- 

gen and of exopolysaccharides; (b) it remains constant 
during the time course of the culture, since the mean 
quantum yield does not change, even during mineral 
limitations. 

2. The mean growth rate (p) follows a Monod law for 
nitrate and sulfate concentrations. In the absence of 
mineral limitations, the volumetric growth rate of 
biomass is assumed to be proportional to the phyco- 
cyanin content Cpc rather than to the biomass concen- 
tration. This can be justified by the fact that under 
light-limiting conditions, the growth metabolism is gov- 
erned by the energy input rather than by enzyme activi- 
ties. A biochemically structured model of the energy 
metabolism, including adenosine triphosphate (ATP) 
and reduced cofactor balances, would account for this 
fact more precisely. 

Equation (27) of the preceding article’ must be re- 
written as follows: 

4nJ: 
r, = /G * CPC ’ & + 4TJ, 

and Equation (36) from the companion article’ becomes 

W) = (I;) * Y * CPC (4) 

For low-energy input and assuming again that KJ 9 Fo, 

r, = $ * 4iJZ . zpc 9 Cxa (5) 
I 

Taking the mean along the z axis provides the mean 
volumetric growth rate (R) for cultures not limited by 
minerals: 

4a + (1 - a’)(e6 - e-‘) 
’ - (1 + a>!. e6 _ (1 _ a>2. e-b 

I 
c6) 

Similar expressions are obtained for exponential 
growth and for linear light-limited growth: 

(R) = $ . Fo . zpc . CX~ (7) 

(R) = $ . ‘A . & . F (8) 
I a* 0 

Equation (38) from the companion article,’ which de- 
fines the working length Lz, then becomes 

2a Lz=-. 1 

1 + a z. * E, . CXA (9) 

indicating that the working length may change with the 
concentration of cells and with their content in light- 
harvesting pigments, so that 

Lz + CA 

Using Equation (1) and provided a remains small com- 
pared with 1 leads to 

LZ i z,“? 
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According to Equation (4) and neglecting the effects 
of maintenance, the mean volumetric rate for active 
biomass under light nitrogen or sulfur limitation is given 
by: 

(~xA) = W 
CN c, .- 

KN + CN K, + C, 
(10) 

where K,& and K, are the Monod constants for nitrate 
and sulfate limitations, respectively. 

Under N or S deprivation, the chlorophyll content of 
active biomass remains constant, so that the mean volu- 
metric rate is given by 

+CH) = ZCH ’ kL4) (11) 

The mean volumetric rate for phycocyanins is propor- 
tional to that for active biomass in conditions of nonlimi- 
tation by minerals and to that of linear mass synthesis 
during N or S starvation: 

+PC) = ZPC . (R) . 
CN C* .- 

K,v + CN K, + C, 

KN K, - 
Kh. + C,v + K, + C, 

(12) 
where the term on the right-hand side stands for the 
decrease in phycocyanin concentration, which only oc- 
curs when concentrations of nitrate and sulfate are low. 

The mean volumetric rate for proteins only decreases 
during sulfate deprivation, so 

Q-p) = ZP (R) . 
C, C, K, 

K, + CY K, -I- C, - - ’ K, + C, 1 
(13) 

where q is a proportionality coefficient with respect to 
the mean linear volumetric rate (R) and is an adjustable 
parameter. 

The mean volumetric rate for uptake of substrates is 
obtained from the mass conversion yields. For nitrate 
and sulfate respectively, 

(TN) = - YVX4 ’ (4 (14) 

(rs) = - FiXA ’ Ok4 > (15) 

The continued increase in total biomass concentra- 
tion during mineral deprivation results from the accu- 
mulation of intracellular glycogen. However, if cells do 
not divide, growth stops when ceils reach a maximum 
size value. This is described by the term CPJ(KPc + 
C&), which exhibits, in addition, a Moser law in which 
n = 2. The mean volumetric rate of total biomass syn- 
thesis then is 

@XT) = W . 
CN .c,+ C PC 

K,v + CN K, + C, KPC + Cic 

.( 

KN 

KN + CN 

+_.-A_ 

K, + Cs 13 

(16) 

Equations (lo), (12), (13), and (16) summarize the 
kinetic hypothesis of the model. 

The mathematical model for growth of S. platensis in 
a parallelepipedic photoreactor is thus composed of 
Equations (4) and (lo)-(16) in this article and equa- 
tions (18) and (19) established elsewhere.’ The working 
illuminated length has been calculated for linear growth 
phase assuming that the energy flux at z = L, FL, 
should remain constant and equal to 1.0 W . m-l as pre- 
viously demonstrated,’ thus leading to the transmittance 
ratio and to the parameter 6. The differential mathe- 
matical model can be solved with a Runge-Kutta- 
Merson fourth-order algorithm, the integral term being 
calculated at each step by a Simpson algorithm. The 
equations for the model are collected in Table III. This 
model for growth of 5. platensis under light nitrogen or 
sulfur limitation uses only six parameters, &, KI, Kt, 
KS, KPC, and q, which remain to be identified. It must be 
emphasized that light absorption and diffusion parame- 
ters E,, E, have been measured separately. 

DISCUSSION 

Batch Cultures 

The previous model for growth of S. plafensis has been 
integrated for batch cultures performed in Roux flasks 
and compared with the experimental results obtained 
(Table I) stating the general mass balance equation: 

% A (r,) 

The six biological parameters of the model. p*;,, K,. 
K,,, KpC, K,, and q, were obtained by the minimization 
of a quadratic criterion using a Gauss-Newton algo- 
rithm. Biomass, nitrate, sulfur, proteins, phycocyanins, 
and chlorophyll a concentrations have been taken into 
account. The results of the identification procedure are 
as follows: 

/.& = 0.52 h-’ 

K, = 20 W 0 m-* 

KN = 5.3 lo-’ kg N03-/m3 

Ks = 2.5 10e4 kg S04’-/m3 

KPC = 0.15 kg2 . me6 

q = 0.55 

The values of &, and Kl were identified from the 
eight experiments presented in Table I from both expo- 
nential and linear growth phases. They may be consid- 
ered reliable within a confidence interval of ~5% with 
respect to the light transfer and physiological hypothe- 
ses that have been presented. It must be emphasized 
that these values represent the behavior of the culture 
for an incident flux varying within a factor of 5. The 
values of KN, KS, Kpc, and q are less precise and may 
vary within 210%. Table I lists the data considered for 
the identification of the coefficients of the model. 
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Table III. Equations for the model. 

47rJ: calcularion: 

4d. 
&=2. 

[ 

(1 + a) yW-‘) - (1 - a) e*(z-‘) 

FO (1 + a): es - (1 - a): e-6 1 
a = [;.E./(z.E,q + (1 + zc)Ex]” 

6 = [:uE, + (1 + -c)Es]C,,d 

Working tllumlnored lengrh L: calculation: 

4a 
(1 + cx)’ e6 - (1 - a)? - 7 = 0 

T = FL/F0 FL = , W. m-: 

Average of specific growth Tares. 

(R) = (~7 Y CPC 

Klner~c equarlons: 

(rt4) = 03 
C\ CS -.- 

K, + C, Ks + Cs 

K, + C\ K, + Cs 

c\ cs 
- - - 
K\ - C, Ks + Cr 

K\ KS -+- 
K\ + cc KS + Cs )I 

Kr 
4’- 

KS + Cs 

hr) = 09 
C, CS K\ KS ---+ 

K, + C\ Ks + C, Kv+Cv •+ KS + Cs >3 
Solid lines in Figures 1 and 2 show that numerical 

simulations are in good agreement with experimental 
results. therefore confirming the ability of the model to 
provide satisfactory predictions of biological kinetics in 
the photobioreactor until phycocyanins have totally dis- 
appeared. These kinetic parameters, identified here 
with a simple one-dimensional model, may be extended 
to more complex geometries, such as cylindrical photo- 
bioreactors, and to more complex physical models re- 
lated to light limitation. 

The illuminated volume represented here by the 
length L2 may vary considerably during growth or when 
phycocyanin concentration decreases during mineral 
limitation. Figure 3 presents the time course of the ra- 
tio L:/L. in the case of nitrogen limitation (Fig. 1). This 
confirms that the light absorption coefficient has to be 
defined from pigment concentration. The linear mean 
volumetric rate in light-limited cultures implies that 
growth occurs at constant amount of illuminated pig- 
ments inside the bioreactor. 

Although the mathematical formulation adopted in 
this work affords good predictions for kinetics and mass 
balances in the photobioreactor, energetic aspects have 
been neglected. In its current state, the physical part of 

the model does not enable the amount of radiant energy 
absorbed by the culture to be assessed with sufficient 
accuracy, thus precluding enthalpic balance on the pro- 
cess. However, Aiba’ proposed calculating the amount 
of light energy absorbed by cells using the tridimen- 
sional form of the equation of radiative transfer. This 
approach then leads to a new definition of the mean 
growth rate in the culture, based on the assessment of 
energy conversion yields. 

Continuous Cultures 

The previous model can be used to predict the behavior 
of continuous cultures. At steady state, the mass bal- 
ances are written as 

DC,0 - DC, + (rJ = 0 

where C,O is a concentration in the influent. Subscript i 
denotes biomass or biomass fractions. C,O = 0, From ex- 
perimental and/or model values of (r,,) and of C,, the 
values of the dilution rate D can be calculated according 
to the previous mass balance. The biomass productivity 
in the bioreactor is given by DCx.,. Such calculations 
were performed in different experimental conditions 
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Figure 3. Time course of the working illuminated volume during batch culture of S. plarens~ in 

photobioreactor under NOI- depletion; FtI is 8 W mm2 before 144 h and 12 W me2 after. 

and are reported in Figure 4, where productivity is plot- 
ted versus dilution rate. 

Figure 4 shows that in the case of light limitation alone 
and for a fixed energy flux (20 W m-‘) the productiv- 
ity profile is flat between 0.005 and 0.022 h-’ for D. The 
optimal dilution rate (with respect to productivity) may 
be chosen in a wide range of D. This is because the 
amount of illuminated phycocyanins remains constant 
in these conditions, in spite of changes in the working 
illuminated volume that result from changes in phyco- 
cyanin concentrations, themselves defined by the chosen 
dilution rate. Conversely, when the process is governed 
by mineral limitation, the biomass productivity displays 

a classical optimum at a fixed value of D. When both 
light energy and mineral limitations occur, intermediate 
behavior may be observed (Fig. 4). These results indi- 
cate that it is necessary to represent a continuous cul- 
ture to account for pigment intracellular concentrations 
and for working illuminated volume changes. 

The robustness of the model and its ability to predict 
stationary behavior of the culture in the photobioreactor 
depend on both the accuracy of the kinetic parameters 
used and of the physical light transfer hypotheses. The 
kinetic parameters are easily determined using the con- 
cept of working illuminated volume. It must be pointed 
out that a simpler light transfer model (Beer-Lambert’s 

0.008 
h 

A 
! 0.006 

y” 

z 0.004 

3 
i= 
3 0.002 

0” 

E 
n 

0 0.00s 0.010 0.01 s 0.020 0.025 

DILUTION RATE (h -1) 

Figure 4. Effects of mineral (NO,-) and light limrtations on the productivity of a continuous cul- 

ture of S. plafensrs in photobioreactor (F, = 20 W me2): (0) nitrate limitation (input concentration 

CNIO =,0.16 kg m-j); (A) light limitation; (w) nttrate and light limitation (input concentration 

C h’,o = 0.16 kg m-l); (A) nitrate limitation (input concentration Cr+o = 0.093 kg m-‘). 
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model) would not be able to represent experimental re- 
suits in such a large domain of incident light flux and 
different substrate concentrations either in batch or in 
steady-state conditions. 

CONCLUSION 

Physical modeling of photosensitized reactions raises 
the problem of light limitation. This is a typical dimen- 
sional problem, which has to be taken into account and 
rationalized for determination of kinetic parameters. 
For this purpose, a vessel of simple, monodimensional 
geometry may be used to define a working illuminated 
volume. The values of kinetic parameters obtained in 
this way can then be extended to more complex ge- 
ometries such as cylindrical photobioreactors. 

In such tridimensional conditions, determination of 
kinetic and energy parameters (energetic mass conver- 
sion yields and enthalpic balances) requires the radiant 
energy absorbed by the culture to be known, which can 
be achieved by solving the tridimensional form of the 
equation of radiative transfer given the local specific 
intensity. 

Finally, biochemically structured models” would 
more accurately predict the metabolic deviations in mi- 
croorganisms submitted to environmental stresses, and 
they also would allow the number of identified parame- 
ters required for the model to be reduced. 
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NOMENCLATURE 

c, 
D 

E, 
E, 
F 
/ 

& 

K, 

KPC 

KS 

L 

L2 

MM 
PS 

4 
I,. R 
Y 

concentration of compound i (kg m-‘) 
dilution rate (h-l) 
global absorption mass coefficient (m’ kg“) 
global scattering mass coefficient (m2 kg-‘) 
radiant energy flux (W m-‘) 
mean light intensity (W me2) 
half saturation constant for radiant energy available 
(W m-‘) 
half saturation constant for nitrate concentration (kg 
mm’) 
half saturation constant for phycocyanin concentration 
(kg’ me”) 
half saturation constant for sulfate concentration (kg 
m-3l 

length of bioreactor (m) 
length of illuminated volume (m) 
molar mass (kg kmol-‘) 
photosystem 
coefficient of proportionality (dimensionless) 
volumetric rate of compound i (kg . m-’ h-‘) 
mass conversion yield (dimensionless) 

2, mass biotic fraction of compound i (dimensionless) 
0 mean volumetric integral, = i J’I~~ dV 

Greek lelrers 

Y illuminated fraction of bioreactor volume (dimension- 
less) 

p growth rate (h-l) 
PU. IL;, maximum growth rate (h-l) 

Subscripls 

a antenna compound 
CH chlorophyll a compound 
G glycogen compound 
N nitrate compound 
P protein compound 
PC phycocyanin compound 
S sulfate compound 
x biomass compound 
XA active biomass compound 
XT total biomass compound 
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ERRATA. 

MODELING OF PHYSICAL LIMITATIONS IN PHOTOBIOBEACTORS. 

TN.19.1: Adaptation of the light enerw transfer model to cylindrical Peometries. 

- In TN. 19.1, the definitions of parameters 01 and 6 are ambiguous when mineral 

limitations occur, and in order to avoid any confusion, the definitions should become: 

a =[Ea(C, +C,,)/[Ea(C,, +C&)+ESC~]]~” 

6 =[Ea(C, +C,,)[Ea(C, +C,,)+EsC,]]“2R 

- The definition of average of specific growth rates in cylindrical coordinates <p’> are 

mistaken and should be: 

RZ R 

1 
< l_l’>= - 

XR;’ J 27crp; 
4xJ,. 

2nrp; 4xJ, dr 
K, +4nJ, K, +4xJ, 

0 

or 
R 

1 

< p”= x(R’ _ R;) J 2x+, 4’J, d,. 
K, +4xJ, 

a1 

In the same way, the definition of y should be: 

(R2 - R;) 

R2 

and CR> = <p’> y Cpc. 


